A classification of SL(n) contravariant, continuous function valued valuations on convex bodies is established. Such valuations are natural extensions of SL(n) contravariant L p Minkowski valuations, the classification of which characterized L p projection bodies, which are fundamental in the L p Brunn-Minkowski theory, for p ≥ 1. Hence our result will help to better understand extensions of the L p BrunnMinkowski theory. In fact, our results characterize general projection functions which extend L p projection functions (p-th powers of the support functions of L p projection bodies) to projection functions in the L p Brunn-Minkowski theory for 0 < p < 1 and in the Orlicz Brunn-Minkowski theory. In the L p Brunn-Minkowski theory for 0 < p < 1 and in the Orlicz Brunn-Minkowski theory, general projection functions are not associated to bodies anymore, but they are still closely related to L p mixed volumes and Orlicz mixed volumes.
Introduction
Let K n be the set of convex bodies (i.e., compact convex set) in Euclidean space R n . A valuation is a map Z from K n to an abelian semigroup A, + such that
whenever K, L, K ∪ L ∈ K n . A map defined on a subset of K n is also called a valuation if (1.1) holds whenever K, L, K ∪ L, K ∩ L are contained in the subset. A function valued valuation is a valuation taking values in some function space where addition in (1.1) is the ordinary addition of functions.
Since any convex body (star body) can be identified with its support function (radial function), valuations taking values in the space of convex bodies (star bodies) are often studied as valuations taking values in some function space; see [1, 8, 14, 16-18, 30-33, 35, 45, 46, 50-54, 56] . Function valued valuations are also an important tool for establishing results on other valuations, for example, measured valued valuations [21] . When Ludwig [30, 32] , Schuster, Wannerer [53] , Haberl [17] and Parapatits [45] studied SL(n) contravariant L p Minkowski valuations (valuations taking values in K n where addition in (1.1) is L p Minkowski addition), they also gave classifications of SL(n) contravariant valuations taking values in some special function space.
Let p ≥ 0. A function f : R n → R is called homogeneous of degree p if f (λx) = λ p f (x) for any λ > 0 and x ∈ R n . Let C(R n ) be the set of continuous function on R n and C p (R n ) be the subset of C(R n ) such that any f ∈ C p (R n ) is homogeneous of degree p. A function valued valuation Z : K n → C(R n ) is called SL(n) contravariant if Z(φK)(x) = ZK(φ −1 x) for every K ∈ K n and φ ∈ SL(n). Let h K be the support function of K. For p ≥ 1, an L p Minkowski valuation Z is SL(n) contravariant if the map K → h ZK is an SL(n) contravariant function valued valuations.
Let p ≥ 1. Due to Haberl [17] and Parapatits [45] , roughly speaking, the set of SL(n) contravariant L p Minkowski valuations is the cone of asymmetric L p projection bodies, which were introduced by Ludwig [32] , and C p (R n ) valued valuations are the linear hull of asymmetric L p projection functions (p-th powers of the support functions of asymmetric L p projection bodies). In this sense, SL(n) contravariant L p Minkowski valuations and C p (R n ) valued valuations are "basically" the same. In the dual case, where SL(n) contravariance is replaced by SL(n) covariance, there are also no further C p (R n ) valued valuations than the p-th powers of the support functions of the corresponding L p Minkowski valuations; see Haberl [17] , Parapatits [46] , Li and Leng [26] . However, if we remove the homogeneity assumption, then Laplace transforms of convex bodies (that is, classical Laplace transforms of indicator functions of convex bodies) are additional SL(n) covariant C(R n ) valued valuations; see Li and Ma [28] . Hence the natural question arises to give a unified classification of SL(n) contravariant and of SL(n) covariant C(R n ) valued valuations. We believe such classification will help to better understand extensions of the L p Brunn-Minkowski theory.
In this paper, we give a classification of SL(n) contravariant C(R n ) valued valuations for dimension n ≥ 3. The cases n = 1 and n = 2 are rather different and will be treated separately. Hence we will always assume n ≥ 3 throughout the paper.
The topology of K n is induced by the Hausdorff metric and the topology of C(R n ) is the C 0 topology induced by uniform convergence on any compact subset. If we identify K n as the cone of support functions, then the topology of K n induced by the Hausdorff metric is the same as the C 0 topology of the cone of support functions. With the topology, we can define continuity and (Borel) measurability of maps from K n to C(R n ). Let K n o be the set of convex bodies in R n containing the origin. 
for every K ∈ K n o and x ∈ R n . Moreover, c 0 , c n−1 and ζ are uniquely determined by Z.
Here V 1 (K, [−x, x]) = h ΠK (x) is the classical projection function of K, where ΠK is the projection body of K, V 0 (K) is the Euler characteristic, {h K = 0} denotes the set {u ∈ S n−1 : h K (u) = 0} for K ∈ K n and V K is the cone-volume measure of K. Using the surface area measure S K , the cone-volume measure can be written as dV K = 1 n h K dS K . See Section 2 for details.
Let P n o be the set of polytopes in R n containing the origin. We can replace continuity by measurability when considering valuations on polytopes.
is a measurable, SL(n) contravariant valuation if and only if there are constants c 0 , c ′ 0 , c n−1 ∈ R and a continuous function ζ : R → R such that
for every P ∈ P n o and x ∈ R n . Moreover, c 0 , c ′ 0 , c n−1 and ζ are uniquely determined by Z.
Here dim P is the dimension of the affine hull of P and relint P is the relative (with respect to the affine hull of P ) interior of P . The function
If we further assume that ZK ∈ C p (R n ) for p ≥ 1 in Theorems 1.1 and 1.2, then we get classification results of Haberl [17] and Parapatits [45] ; see Corollary 2.1. The classification of the corresponding L p Minkowski valuations is a direct corollary by further assuming that ZK is the p-th power of a support function. Then we characterize asymmetric L p projection bodies. Our results also give valuations associated with the L p BrunnMinkowski theory for 0 < p < 1 and the Orlicz theory; namely, the function
is (an extension of) the L p and Orlicz projection functions depending on the choice of the function ζ : R → R; see Corollaries 2.2 and 2.3. For p ≥ 1, L p projection functions are exactly p-th powers of the support functions of L p projection bodies of K. But that does not hold anymore for 0 < p < 1 or the Orlicz cases. We leave the details to Section 2.
Real valued valuations are valuations taking values in R with scalar addition and Z : K n → R is SL(n) invariant if Z(φK) = ZK for any φ ∈ SL(n) and K ∈ K n o . Theorem 1.1 (Theorem 1.2) also implies the classification of SL(n) invariant, continuous (measurable) real valued valuations which were obtained before by Blaschke [6] (Ludwig and Reitzner [37] ). This follows from the fact that any SL(n) invariant real valued valuation can be understood as an SL(n) contravariant function valued valuation taking values in constant functions. If ζ is the constant function c, then
, where V n (K) is the n dimensional volume of K. We also characterize all SL(n) invariant real valued valuations in Corollary 2.2 for the case p = 0. A different characterization of L p projection functions and of all SL(n) invariant real valued valuations is also established in Corollary 3.1.
Since general (L p or Orlicz) projection functions of the convex body K are a special case of the general (L p or Orlicz) first mixed volumes of a convex body and a segment, our result might be a beginning step of characterizing general first mixed volumes in valuation theory. In particular, Corollaries 3.2 and 3.3 are related to the characterization of classical mixed volumes by Alesker and Schuster [4] . We also give a characterization of L p first mixed volumes in Corollary 3.4 for p ≥ 1. Other special cases of classical mixed volumes are intrinsic volumes (mixed volume of a convex body and the unit ball). A celebrated characterization of intrinsic volumes is the Hadwiger theorem. It is the starting point of valuation theory; see also [2, 3, 5, 20, 25, 36] . For another characterization of classical mixed volumes (not in valuation theory), see Milman and Schneider [43] . In the following, when we talk about mixed volumes, we will always refer to the first mixed volume.
Let P n be the set of polytopes in R n . We also get a classification of valuations on P n and
denote the convex hull of K and the origin.
is a continuous, SL(n) contravariant valuation if and only if there are constants c 0 , c n−1 , c n−1 ∈ R and continuous functions ζ, ζ : R → R satisfying lim |t|→∞ ζ(t)/t = 0 and lim |t|→∞ ζ(t)/t = 0 such that
for every K ∈ K n o and x ∈ R n . Moreover, c 0 , c n−1 , c n−1 and ζ, ζ are uniquely determined by Z. 
for every P ∈ P 
L p and Orlicz projection functions and mixed volumes
We refer to Schneider [49] as a general reference for convex geometry.
The support function of a convex body K is h K (x) = max y∈K {x · y}, x ∈ R n . It is easy to see that support functions are convex functions and homogeneous of degree 1. Moreover, support functions are important tools in convex geometry because of the following fact: given a convex function h : R n → R which is homogeneous of degree 1, there exists a unique convex body such that h = h K . Briefly, a convex body is identified with its support function.
The 
2)
and S K is the surface area measure of K, that is, the pushforward of the (n − 1)-dimensional Lebesgue measure with respect to the Gauss map.
One of important results on the L p mixed volume is the L p Minkowski inequality:
The L p Minkowski inequality is equivalent to the L p Brunn-Minkowski inequality. The classical Minkowski inequality for p = 1 is due to Minkowski himself. For p > 1, the L p Minkowski inequality was first established by Lutwak [38] which is the starting point of the systematic study of L p Brunn-Minkowski theory. If p = 1 and L is the unit ball, then the L p Minkowski inequality implies the classical isoperimetric inequality. Moreover, the L p Minkowski inequality and its equality conditions are critical to many problems, for example, L p Minkowski problems [38] .
When p = 1 and x ∈ S n−1 , the right side of (2.4) is (up to a constant) the (n − 1)-dimensional volume of K|x ⊥ , where K|x ⊥ is the orthogonal projection of K onto the hyperplane
The classical projection function for p = 1 was introduced by Minkowski and L p versions were introduced by Lutwak, Yang and Zhang [39] . There is an important affine inequality associated with L p projection functions, namely, the L p Petty projection inequality [39, 47] 
where E is an ellipsoid. By the Jensen inequality, the classical Petty projection inequality is also stronger that the classical isoperimetric inequality. Unfortunately, there is (so far) no clear relationship between the L p Minkowski inequality and the L p Petty projection inequality. Haberl and Schuster [23] established L p Petty projection inequalities for the asymmetric L p projection functions, i.e., linear combinations of
The functional version of the L p Petty projection inequality is the affine L p Sobolev inequality; see [22, 40, 55, 60] . The reverse classical Petty projection inequality is the Zhang projection inequality [59] .
In the classical case p = 1, the mixed volume and the projection function can be defined for any convex body. All the above still holds. We still write
The asymmetric case is the same since
Also, the asymmetric L p projection functions are defined as
where (·) ± = max{±(·), 0}. They are both function valued valuations.
Here Π is the classical projection body and Π ± p are the asymmetric L p projection bodies. If we assume that ZP ∈ C p (R n ) for p ≥ 1 in Theorem 1.2, then we obtain those function valued valuations which were already characterized before by Haberl [17] and Parapatits [45] .
Corollary 2.1 (Haberl [17] and Parapatits [45] 
is a measurable, SL(n) contravariant valuation if and only if there exist constants c n−1 , c
for every P ∈ P n o and x ∈ R n .
is a measurable, SL(n) contravariant valuation if and only if there exist constants c
There are two different ways to extend the L p Brunn-Minkowski theory. One is to p < 1. For 0 < p < 1, the right side of (2.1) is in general not a support function. Now the support function of K + p L is defined as the maximum support function smaller than (h
2) still holds and defines the L p mixed volume. Also (2.4) still gives L p projection functions for 0 < p < 1. Böröczky, Lutwak, Yang and Zhang [9] established the L p Minkowski inequality (2.3) for 0 < p < 1 for planar origin-symmetric convex bodies and conjectured that it also holds for n dimensional originsymmetric convex bodies. The L p Petty projection inequality for 0 < p < 1 is unknown. For other aspects of the L p Brunn-Minkowski theory for 0 ≤ p < 1, see [10] [11] [12] [13] 62] We extend the L p projection functions for 0 < p < 1 to K n o as follows
Here we write
For valuations associated with the L p Brunn-Minkowski theory for 0 < p < 1, we get the following by Theorem 1.2.
is a measurable, SL(n) contravariant valuation if and only if there are constants c
is a measurable, SL(n) contravariant valuation if and only if there are constants c 0 , c
For 0 < p < 1, Haberl and Parapatits [21] obtained the corresponding result for even valuations. We remark that continuous versions of Corollaries 2.1 and 2.2 are easy to get and non-zero continuous valuations on K n o only exists for 0 ≤ p ≤ 1.
Another extension of the L p Brunn-Minkowski theory is the so called Orlicz Brunn-Minkowski theory. Let ζ : R → [0, ∞) be a convex function such that ζ(0) = 0. We define the Orlicz projection function Z ζ K by extending (2.4) to
is not a support function. To obtain a convex body, Lutwak, Yang and Zhang [42] introduce
Since the right side is a support function, this introduces a convex body Π ζ K, the so called Orlicz projection body. An Orlicz Petty projection inequality was established in [7, 42] and a function version in [29] . However, Li and Leng [27] showed that Orlicz projection bodies are not valuations in the following sense: there is no non-trivial SL(n) contravariant, convex body valued valuation with respect to the non-associative Orlicz addition on P n o (Orlicz addition is associative if and only if it is L p addition for some p ≥ 1). Meanwhile, the Orlicz projection function defined by (2.5) is also closely related to Orlicz addition, which was introduced by Gardner, Hug and Weil [15] and Xi, Jin and Leng [58] as an extension of L p addition. Orlicz addition preserves continuity and is compatible with GL(n) transforms. Let
where ϕ ′ l (1) is the left derivative of ϕ at 1. The Orlicz Brunn-Minkowski inequality states that
For other aspects of Orlicz Brunn-Minkowski theory, see [19, 24, 34, 36, 41, 57, 61] Now the Orlicz projection function Z ζ K(x) defined in (2.5) can be written as
We use the same notation Z ζ to denote the extension of (2.5) to K n for a general continuous function ζ,
when the integral is finite. Theorems 1.1-1.4 show that the extension is natural in valuation theory. We call a valuation simple if it vanishes on lower dimensional convex bodies. Let Conv(R n ) denote the set of convex functions from R n to R. We obtain the following characterization of Orlicz projection functions.
is a measurable, simple and SL(n) contravariant valuation if and only if there exists a convex function ζ : R → R such that
for every P ∈ P n o and x ∈ R n . Moreover, the function ζ is uniquely determined by Z.
Further classification results
Corollaries 2.1 and 2.2 characterize L p projection functions as valuations taking values in functions which are homogeneous of degree p. We can also characterize L p projection functions as homogeneous valuations. Here we say that a valuation Z :
is an SL(n) contravariant valuation which is homogeneous of degree p if and only if there exist constants c 0 , c
If we further assume translation invariance (Z(P +y) = ZP for every P ∈ P n o (or P n ) and y ∈ R n such that P + y ∈ P n o (or P n )), then we characterize the classical projection function, volume and the Euler characteristic. This is a special case of characterizing the classical mixed volumes.
is a measurable, translation invariant and SL(n) contravariant valuation if and only if there exists constants c 0 , c n−1 , c n ∈ R such that
We omit other versions of all the Corollaries corresponding to Theorems 1.1, 1.3 and 1.4 since they are similar and easy to establish.
Finally, we show how our results are related to the characterization of L p mixed volumes. Although the following corollary is not a strong result, we think it might be inspiring.
A map Z :
n and φ ∈ SL(n). We say that Z is a valuation with respect to the first variable if Z(·, L) is a valuation for any fixed L ∈ K n , and L p additive with respect to the second variable if
be the set of symmetric convex bodies in R n centered at the origin. 
for every P ∈ P n o and L ∈ K n c .
Valuations and SL(n) contravariance
Let [A 1 , . . . , A i ] denote the convex hull of the sets A 1 , . . . , A i in R n .
Theorem 4.1. Let ζ : R → R be a continuous function and define a map
for every K ∈ K n if the integral is finite for every x ∈ R n . We have the following conclusions:
(ii) Z ζ is well defined and measurable on P n without any restriction on ζ. (iii) If lim |t|→∞ ζ(t)/t = 0, then Z ζ is well defined and continuous on K n .
Proof. First, we show that
for any continuous function f on S n−1 . Also, since {h φK = 0} = φ t {h K = 0},
We divide S n−1 into three parts
K denote the reverse Gauss map mapping u ∈ S n−1 to the point x in the boundary of K if u is a normal vector of K at x. We have
Since the surface area measure is a valuation, on ω 1 , we have
All together we get that Z ζ is a valuation.
Third, we show that Z ζ is measurable on P n . It is clear that Z ζ is well defined on P n . We can rewrite
for every P ∈ P n and x ∈ R n . We claim that Z ± ζ (·)(x) are lower semicontinuous on P n for every x ∈ R n . Indeed, let P i , P ∈ P n and
uniformly on any compact set C×S n−1 ∋ (x, u) and the surface area measures S P i → S P weakly, it is easy to see that Z ζ P i (x) → Z ζ P (x). Now let o ∈ bd P , the boundary of P . Since P is a polytope, there is a suitable δ > 0 such that
uniformly on any compact set C ∋ x and
Similarly Z − ζ (·)(x) is lower semi-continuous. Moreover, the lower semicontinuity is locally uniform with respcet to x. That is to say, for any compact set C ⊂ R n and ε > 0, we have Z ± ζ P i (x) > Z ± ζ P (x) − ε for sufficient large i not depending on the choice of x ∈ C.
Next we show that Z ± ζ are measurable. Let S(C, U) := {g ∈ C(R n ) : g(C) ⊂ U}, where C is a compact set in R n and U is an open set in R. The collection of all S(C, U) forms a subbase of C(R n ); see [44, Section 46] . Let B Q denote the set of balls in R n whose centers and radii are rational and let U Q denote the set of connected open sets in R whose end points are rational. The collection of S(C, U) : C ∈ B Q , U ∈ U Q is a subbase without changing the topology. Hence C(R n ) is a second countable topological space. Recall that a topology space is second countable if it has a countable base. Also, a function is measurable if the preimage of every open set is a Borel set. Thus we only need to show that (Z ± ζ ) −1 (S(C, U)) is a Borel set in P n for every compact set C ⊂ R
n and connected open set U ⊂ R. U can be written as (t 1 , t 2 ), (−∞, t) and (t, ∞) for t, t 1 , t 2 ∈ R. Also since
and
we only need to show that preimages of S(C, (−∞, t]) and S(C, (t, ∞)) are Borel sets for all t ∈ R. Let P i ∈ (Z ± ζ ) −1 (S(C, (−∞, t])) such that P i → P ∈ P n . For any x ∈ C, we have
S(C, (−∞, t])). That is to say (Z
The fact that the lower semi-continuity of Z ± ζ (·)(x) is locally uniform implies that there is a neighborhood of P such that for any Q in this neighborhood, we have Z
Since the minus in C(R n ) is continuous, the difference of two measurable function is measurable, which completes the proof of measurability.
Finally, let
n . Similarly to the proof of measurability, Z ζ K i (x) → Z ζ K(x) uniformly on the compact set C. Now let o ∈ bd K. If K = {o}, then {h K = 0} lies in a linear half space. Since h K and ζ are continuous and lim |t|→∞ ζ(t)/t = 0, for any ε > 0, there exists c > 0 and ε > δ > 0 such that
is finite for any x ∈ R n . Also, since S K i → S K weakly, similarly we have
for sufficient large i > 0. Furthermore, we have
uniformly on any compact set. Hence,
uniformly on any compact set. If K = {o}, then Z ζ K(x) = 0 and {h K = 0} = R n . With a similar argument we have
uniformly on any compact set, which completes the proof.
Corollary 4.2. Let ζ : R → R be a continuous function and define a map
(ii) Z ζ is well defined and measurable on P n without any restriction on ζ. 
when K, L, K ∪ L ∈ K n and φ ∈ SL(n). The finiteness of the integral and continuity of Z ζ also follow from Theorem 4.1 and
To prove that Z ζ is measurable on P n , similarly to the proof of Theorem 4.1, we only need to prove that ( Z ζ ) −1 (S(C, (−∞, t])) is closed and ( Z ζ ) −1 (S (C, (t, ∞) ) is open for any t ∈ R. First let P i ∈ ( Z ζ ) −1 (S(C, (−∞, t])) and P i → P . Now we have
In the proof of Theorem 4.1, we have already shown that (
The following examples are critical for lower dimensional convex bodies. 
. . , e n−1 ], where x n is the n-th coordinate of x. A function valued valuation Z on P n is fully additive, namely,
Indeed, since P → ZP (x) is a real valued valuation for any x ∈ R n , this is a direct corollary of the fact that real valued valuations on P n are fully additive [49] . Combined with the SL(n) contravariance, one can easily get the following trivial but useful uniqueness of valuations. Let
for every s > 0 and 0 ≤ d ≤ n, then ZP = Z ′ P for every P ∈ P n .
Proof of main results
In this section, we will always assume that n ≥ 3.
for every P ∈ P n o satisfying dim P ≤ n − 2, and ZP (x) = ZP (x n e n ), x ∈ R n for every P ∈ P n o satisfying that dim P = n − 1 and P ⊂ e ⊥ n .
Proof. Let P ∈ P n o and dim P = d < n. We can assume that the linear hull of P is lin{e 1 , . . . , e d }, the linear hull of {e 1 , . . . , e d }. Let φ := I A 0 B ∈ SL(n), where I ∈ R d×d is the identity matrix, A ∈ R d×(n−d) is an arbitrary matrix, B ∈ SL(n − d), 0 ∈ R (n−d)×d is the zero matrix. Also, let x = x ′ x ′′ ∈ R d×(n−d) and x ′′ = 0. Thus φP = P . By the SL(n) contravariance of Z, we have
For d ≤ n − 2, we can choose a suitable matrix B such that B −1 x ′′ is any nonzero vector on lin{e d+1 , . . . , e n }. After fixing B we can also choose a suitable matrix A such that x ′ − AB −1 x ′′ is any vector in lin{e 1 , . . . , e d }. So ZP (x) is a constant function on a dense set of R n . By the continuity of ZP , we get ZP (x) = ZP (o).
For d = n−1, B = 1. We can choose a suitable A such that
. . , e d ] and φ 1 , φ 2 ∈ SL(n) such that φ 1 e 1 =λe 1 + (1 − λ)e 2 , φ 1 e 2 = e 2 , φ 1 e n = 1 λ e n , φ 1 e i = e i , for 3 ≤ i ≤ n − 1 and φ 2 e 1 = e 1 , φ 2 e 2 = λe 1 + (1 − λ)e 2 , φ 2 e n = 1 1 − λ e n , φ 2 e i = e i , for 3 ≤ i ≤ n − 1.
Using the SL(n) contravariance of Z again, we have 
in (5.5), we get that f satisfies the Cauchy functional equation
for every t 1 , t 2 > 0. Since f is continuous, there exists a constant c n−1 ∈ R such that ZT n−1 (te n ) = f (t) = c n−1 t for t ≥ 0. Also, since Z is SL(n) contravariant, ZT n−1 (te n ) = ZT n−1 (−te n ). Hence ZT n−1 (te n ) = c n−1 t holds for all t ∈ R. The SL(n) contravariance of Z now shows that
Combined with Lemma 5.1 and (4.1), we have
We replace c n−1 n! 2 by c n−1 . Now (5.4), (5.6) and (n − 1)-dimensional version of Lemma 4.5 imply that (5.1) holds true.
Next we deal with simple valuations.
is a simple and SL(n) contravariant valuation and the function r → Z(rT n )(rte n ), r > 0 is measurable for any t ∈ R, then there is a continuous function ζ : R → R such that
for s > 0 and t ∈ R.
Proof. The second equation is trivial. We only need to verify the first equation. Let φ 3 , φ 4 ∈ SL(n) such that
φ 3 e i = λ −1/n e i , for 3 ≤ i ≤ n, and
We use the same notation as in Lemma 5.2. Note that
The valuation property (5.2) for d = n together with the SL(n) contravariance and simplicity of Z shows that
For t ′ ∈ R, choosing x = t ′ e n in (5.7), we have
for any 0 < λ < 1 and s > 0. Let
for r > 0. For arbitrary r 1 , r 2 > 0, t ∈ R, setting s = (r 1
Since the function r → Z(rT n )(rte n ), r > 0 is measurable for any t ∈ R, so is f (t; ·). Therefore there exists a constant c(t) such that
for every r > 0 and t ∈ R. Hence
Since t → Z(T n )(te n ) is continuous, c(t) is also continuous. Now setting ζ(t) = n!c(t) completes the proof.
is a simple and SL(n) contravariant valuation and Z(sT n )(te n ) = 0 for any s > 0, t ∈ R, then Z(sT n )(x) = 0 (5.10)
for any x ∈ R n .
Proof. We will use induction on the number m of coordinates of x not equal to zero. Since Z is SL(n) contravariant, we assume that the first m coordinates x 1 , . . . , x m are not zero. The assumption Z(sT n )(te n ) = 0 and the SL(n) contravariance of Z show that (5.10) holds for m = 1. Now assume that (5.10) holds for m − 1. Letẋ = x 3 e 3 + · · · + x m e m .
If x 1 , x 2 have the same sign, then taking x = x 1 e 1 +x 2 e 2 +ẋ and λ =
and s = λ −1/n s in (5.7), we obtain
= Z (sT n ) ((x 1 e 1 + x 2 e 2 +ẋ))
, we obtain
Now that (5.10) holds for m follows directly from the induction assumption together with (5.11), (5.12), (5.13) and the continuity of Z(sT n ).
Before proving Theorem 1.2, we first show a slightly stronger result. This result will be used for Corollaries 3.1 and 3.4.
If the function r → Z(rT n )(rte n ), r > 0 is measurable for any t ∈ R, then there are constants c 0 , c ′ 0 , c n−1 ∈ R and a continuous function ζ : R → R such that
for every x ∈ R n and P ∈ P n o satisfying dim
for every P ∈ P n o and x ∈ R n . Then Z ′′ is a simple and SL(n) contravariant valuation. Also the function r → Z ′′ (rT n )(rte n ), r > 0 is measurable for any t ∈ R. Similarly Lemma 5.3 and Lemma 5.4 together show that there is a continuous function ζ : R → R such that
Here
dV P (u) was studied in Theorem 4.1. Lemma 4.5 now shows that Z ′′ P − Z ζ P = 0 for every P ∈ P n o . Hence
for every P ∈ P Proof of Theorem 1.2. We only need to show that the measurability of Z implies the measurability of the function r → Z(rT n )(rte n ), r > 0 for any t ∈ R. For fixed t ∈ R, define functions
Clearly F 1 is continuous and F 2 is measurable follows from the assumptions. The evaluation map F 3 is continuous; see [44, Theorem 46.10] . Hence
Proof or Theorem 1.1. Let Z be a valuation satisfying all conditions. Theorem 1.2 shows that Z has the representation (1.2). Since Z ζ is simple and Now we need to show that the continuity of Z ζ implies lim |t|→∞ ζ(t)/t = 0.
e n , e n ] for t > 0. Clearly P t → P when t → ∞. Hence, we have
for any x ∈ R n . Thus
for any x n ∈ R. By taking x n = ±1, we obtain
The desired result now follows from the fact that P 
for every x ∈ R n . Let T n o be the set of simplices in R n with one vertex at the origin. We further define a new map Z :
for any φ ∈ SL(n). Hence Z is a measurable SL(n) contravariant valuation on T 
does not appear since it only depends on the valuation at o). Now we choose new constants c 0 , c ′ 0 , c 0 , c n−1 , c n−1 and continuous functions ζ, ζ such that ζ(t) = ξ(t) − ξ(t) + 2(a n−1 − b n−1 )|t|, ζ(t) = ξ(t) − 2(a n−1 − b n−1 )|t| for t ∈ R and Now using the continuity of Z on 1-dimensional polytopes, we have c
are continuous valuations, similarly to the proof of Theorem 1.1, we only need to show the fact that
is a continuous valuation implies lim |t|→∞ ζ (t) /t = 0 and lim |t|→∞ ζ (t) /t = 0. Let P ∈ P 
Proof of corollaries
Let Z be a valuation satisfying all conditions. We need to prove that Z has the corresponding representation in all corollaries. In the following, we always let P ∈ P n o .
Proof of Corollaries 2.1 and 2.2. Let p ≥ 0. Since ZP (λx) = λ p ZP (x) for any λ > 0, by Theorem 1.2, we have
for any λ > 0 and x ∈ R n . Comparing coefficients, we have
for p > 0 and p = 1,
Now let P = T n , x = ±e n , (6.1) induces that
Let c + n−1 = n!ZT n (e n ) and c
n for p > 0 and p = 1. Similarly, (6.2) implies that ζ(t) = c for any t ∈ R. Since ZT n is a convex function, ζ is also convex.
Proof of Corollary 3.1. Let p ∈ R. Since ZT n (·) is a continuous function and we further assume that Z(λT n ) = λ n−p ZT n for λ > 0, it follows that the function r → Z(rT n )(rte n ) is continuous on (0, ∞). By Theorem 1.2 ′ , we get λ n−p ZP (x) = S n−1 \{h P =0} ζ x · u λh P (u) λ n dV P (u) + c n−1 λ n−1 V 1 (P, [−x, x])
for any λ > 0 and x ∈ R n . Now using similar arguments as in the proof of Corollaries 2.1 and 2.2, we get the desired result.
Proof of Corollary 3.2. First applying the translation invariance on lower dimensional convex bodies in Theorem 1.2, we obtain that c ′ 0 = 0. We only need to show that the ζ in Theorem 1.2 is now a constant function. Let P = n i=1 [−e i , e i ] and −1 ≤ t ≤ 1. Since Z is translation invariant, we have Z(P + te n )(re n ) = Z(P )(re n ) for any r ∈ R. Together with Theorem 1.2, . Back to (6.4) and (6.5), we obtain that f (t 1 ) + f (t 2 ) = f (t 1 + t 2 ) (6.7)
for any t 2 = 0 and t 1 ∈ (0, −t 2 ). Set f (0) = 0. Together with (6.6), the equation (6.7) holds for any t 2 ∈ R and t 1 ∈ [0, −t 2 ]. Now let t 1 ∈ (0, t 2 ]. We have f (t 1 + t 2 ) + f (−t 1 ) = f (t 2 ).
Also by (6.6), −f (−t 1 ) + f (t 2 ) = f (t 1 ) + f (t 2 ).
Thus (6.7) holds for any t 2 ∈ R and |t 1 | ≤ |t 2 |. Now changing the order of t 1 , t 2 , we find that (6.7) holds for any t 1 , t 2 ∈ R. Since f (t) is continuous on t = 0, there exists a constant c n ∈ R such that f (t) = c n t. Recall that f (t) = ζ 1 t t for t = 0. Combined with continuity of ζ, we finally get ζ(t) = c n . [−e i , e i ] + te n for t ∈ R. Since Z(P t ) = Z(P 0 ), we have ζ = 0, which completes the proof.
Proof of Corollary 3.4. Clearly the representation of Z satisfies all the conditions. Now let Z : P n o × K n c → R be an SL(n) invariant map. Set Z ′ P (x) := Z(P, [−x, x]) for P ∈ P n o and x ∈ R n . Since Z is a valuation with respect to the first variable and continuous with respect to the second variable, Z ′ is a C(R n ) valued valuation. For fixed P ∈ P n o and x ∈ R n , let f (t) = Z(P, [−t for any t 1 , t 2 ≥ 0 and x ∈ R n , we have f (t 1 + t 2 ) = f (t 1 ) + f (t 2 ) for any t 1 , t 2 ≥ 0. Hence Z ′ P (tx) = f (t p ) = t p f (1) = t p Z ′ P (x) for t ≥ 0 and x ∈ R n . Together with the measurability of Z with respect to the first variable, we obtain that the function r → Z ′ (rT n )(rte n ) = r p Z ′ (rT n )(te n ) = for every P ∈ P n o and x ∈ R n . Now the continuity and L p additivity of Z with respect to the second variable shows that
for general L p zonoids. Here L ∈ K n c is a general L p zonoids if h p L (x) = S n−1 |x · u| p dµ(u) for a signed Borel measure µ on S n−1 . Also since the set of general L p zonoids is a dense subset of K n c for p not even (by combining [48] with [49, Theorem 3.4 .1]), we get the desired result.
